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Q\ , In a previous paper, field theory in curved space was considered, and a formula that 

expresses the first order variation of correlation functions with respect to the external 
Q^' metric was postulated. The formula is given as an integral of the energy-momentum tensor 
^ . over space, where the short distance singularities of the product of the energy-momentum 
tensor and an arbitrary composite field must be subtracted, and finite counterterms must 
^ i be added. These finite counterterms have been interpreted geometrically as a connection 
for the linear space of composite fields over theory space. In this paper we will study a 
second order consistency condition for the variational formula and determine the torsion 
of the connection. A non- vanishing torsion results from the integrability of the variational 
formula, and it is related to the Bose symmetry of the product of two energy- momentum 
tensors. The massive Ising model on a curved two-dimensional surface is discussed as 
an example, and the short-distance singularities of the product of two energy-momentum 
tensors are calculated explicitly. 
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1. Introduction and review 

In a previous paper |^ we have studied field tlieory in curved space and introduced 
the energy-momentum tensor as a composite field that generates infinitesimal deforma- 
tions of the external metric. It is convenient to study field theory in an arbitrary curved 
background because the energy-momentum tensor is most naturally defined as the field 
which is conjugate to the external metric 0. The properties of the energy-momentum 
tensor in flat space can be obtained by taking the flat metric limit. We have introduced 
a formula, called the variational formula, which expresses the first order change of corre- 
lation functions of arbitrary composite fields under an infinitesimal change of the external 
metric. The variational formula treats the short-distance singularities in the product of 
the energy-momentum tensor and an arbitrary composite field more carefully than ear- 
lier studies.0 The singularities must be subtracted, and finite counterterms, denoted by /C, 
must be added in the variational formula. The finite counterterms K, can be interpreted ge- 
ometrically as a connection for the linear space of composite fields over theory space. (The 
theory space is parameterized by the external metric h^j^ and spatially constant parameters 

We have studied the consistency of the variational formula with the renormalization 
group (RG) , the variational formula with respect to the spatially constant parameters, and 
diffeomorphism. We have obtained two main results: First, we have obtained an expres- 
sion of the short distance singularities of the product of the energy-momentum tensor and 
an arbitrary composite field in terms of the connection /C or finite counterterms. Second, 
we have found that the connection /C also gives the Schwinger terms in the euclidean ver- 
sion of the equal-time commutator between the energy-momentum tensor and an arbitrary 
composite field. 

In the present paper we wish to check further consistency of the variational formula 
with respect to the external metric: we will study the second order variation of the vacuum 
energy and impose Maxwell's integrability condition. This integrability condition is related 
to the symmetry of the operator product expansions (OPE's) under interchange of two 
Bosonic fields. We will see that the integrability condition gives rise to a non-vanishing 
torsion of the connection /C. 

There are two kinds of variational formula for field theory in D-dimensional curved 
space with metric h^i, and spatially constant parameters g'^{i = 1, ...,N). The first kind, 

^ The necessity of careful treatment of short-distance singularities in defining integrals over 
composite fieds was first emphasized by K. Wilson Q. 
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introduced in ref. [|T|], expresses the first order variation of correlation functions under an 
arbitrary change of the external metric h^i,: 



($„,(Pi)...$„„(PO)m - ($a.(Pl)...$a„(Pn)) 



h-\-Sh,g 



— lim 



+ l^/i ■ IC{h{Pk),9) - f dp 6h ■ C{p; h{Pk), 9)\ 



h,9 



X ($„,(Pi)...$,(Pfc)...$„„(PO) 



where p(r, P) is the geodesic distance between the two points r and P. The OPE coefficient 
C is defined by 

/ d^-iO l5Ve^'^(r)$„(P) = [5h ■ C{p- g, h{P)l' +o(-) , (1.2) 

Jp{r,P)=p ^ \PJ 

where d^~^Vt is the angular volume element: 



d^rVh = dp d^-^n 



;i.3) 



and 5h ■ C is a short-hand notation for 

[5h-C{p;g,h)l'^Yl V^i-Vm^o 5h,^.{C^'^^^^-^-{p-g,h))^ . (1.4) 

lib. 



m=0 



In eq. (|1.2| ) we only keep the terms which cannot be integrated over p all the way to zero. 
The definition (|1 . 2|) implies that the OPE coefficients satisfy the algebraic constraints 



C 



(p; /i, g) = 1 V^^^^„^^^C^-.^-M^+iM^-.. (p. h,g)+o (^^ j . (1.5) 



In ref. [jT[ we have imposed the consistency of the variational formula (IJ.) with the 
RG, and found the following expression of the OPE coefficient Sh ■ C in terms of the 
connection /C: 



d 

Sh ■ C{p; h, g) = — Sh ■ S{p; h, 



;i.6) 



where the matrix S{p; h, g) is defined by 



dh ■ S{p; h,g) 



( dh 

G{p]h,g) ■ {h/p^,g{lnp)) 



+ G{p; h, g) - G{p] h + 5h, g) 



;i.7) 



G-\p-.h,g) . 



The matrix G is defined by the following RG equation and the initial condition: 



d 
di 



1 



G{p; h, g) ^ — [^(e-^V; e'^^^/i, g + A0) - K 9 
= l{.h,g)G{p]h,g) , G{l]h,g) = l, 



where 7(/i, g) is the matrix of scale dimension in the basis {$a}: and the running parameter 
g^{t) is defined by 



d_ 

di 



g\t) = (3\g{t)) , g\Q)=g' 



;i.9) 



where /3*((7) is the beta function of the i-th parameter g^. Note that the initial condition 
for G implies 

S{p = l-h,g)=lC{h,g) . (1.10) 

Similarly, the consistency with diffeomorphism gives rise to the following expression of 
the euclidean version of the equal-time commutator between the energy-momentum tensor 
and an arbitrary composite field ^a'- 



[u ■ C{p- h, g))^a{P) = Cu^a + {Cuh ■ S{p; h, g)) 



(1.11) 



where u is an arbitrary vector field, is the Lie derivative in the direction of u, and C is 
defined by 

/ (i^-in(r) iV^(r)^.,(r)e'^^(r)$„(P) = {u ■ C{p; h, g))^a{P) + o (p°) , (1.12) 

Jp{r,P)=p 

where N^{r) is the unit outward normal vector at r, and we only keep the terms non- 



vanishing as p — s> 0. Eq. (|1 . 1 1|) shows that the anomalous part of the commutator is 
determined by the connection /C through S defined by eq. (p..7|). In components, C is 
written as 



{u-C):>ip;h,g) =J2^, V,,...V^^t.. ■ {C^"' r-''"')a\p; o) , 



(1.13) 



m=0 



where 

and the unintegrable part of pC's coincide with C's: 



(p; h,9) 



;i.i4) 



(1.15) 



There are four sources of algebraic constraints on the connection /C. One is the 
constraint (T3). Since Eq. ( p. . 1 1| ) determines (^a'^^'^i - m™^ which is a trace over fi, the 
existence of (^A^'^'A'i - Mm ^vhich gives the correct trace ( p. .141) can constrain the connection 
JC. This is the second constraint. The relation (|1.15|) can give the third constraint, since 
both C's and C's are given in terms of the same connection JC. Finally, algebraic constraints 
analogous to ( [1.5|) exist also for C's: 



;i.i6) 



These constrains are very useful when we determine the connection K, in practice. 

The second kind of variational formula gives the first order change of correlation 
functions under an arbitrary change of the parameter of the theory Q : 



lim 



p{r,Pu)>e 



h,g 



;i.i7) 



where 



0.(r)$„(P) = [C,ip;g,h{P))]J'MP)+o ^ 

p{r,P)=p \P 



;i.i8) 



and the finite counterterm ci can be interpreted as the g"^ component of a connection over 
theory space. 

The consistency between the variational formula (|1.17D and the RG gives the following 
relation between the OPE coefficient C, and the connection c,- HI: 



d 

Ci{p;h,g) = —Si{p;h,g) , 



(1.19) 



where 



Si{p; Kg) 



9) — — Cj{h, g) - -Q^G{p; h, g) 



G-\p;Kg) . (1.20) 



It has also been found that the consistency among the two kinds of variational formula 
and the RG gives the trace condition ||^: 

2h ■ }C{h, g) = 7(/i, g) + (3\g)c,{h, g) . (1.21) 

The purpose of the present paper is to check further the consistency of the variational 
formula with respect to the metric ( |1 . 1| ) . In particular we will study the second order 
variation of the vacuum energy using the first order variational formula ( |1 . 1| ) recursively. 
We will find that the symmetry of the second order variation results in a non-vanishing 
torsion of the connection /C. It will be shown that part of this result is equivalent to the 
Bose symmetry between two energy-momentum tensors. 

The paper is organized as follows. In sect. 2 we will calculate the second order variation 
of the vacuum energy using the variational formula ( |1 . 1| ) . By imposing an integrability 
condition (or Maxwell's relation) to the second order variation, we will derive the torsion 
of the connection /C. In sect. 3 we will study an implication of the Bose symmetry among 
the composite fields with integer spins, and show that part of the result of sect. 2 can be 
also obtained from the Bose symmetry between two energy-momentum tensors. In sect. 4 
we will find a relation between the particular matrix elements of the connections q and /C, 
i.e., {ci)Q^'^ and K,Oi. In sect. 5 we will study the example of the massive Ising model on 
a curved two-dimensional surface, and compute explicitly /CO^*^, i.e., the elements of the 
connection /C for the energy-momentum tensor. In the zero mass limit, the result is shown 
to agree with conformal field theory. We conclude the paper in sect. 6. 



2. Second order variation of the vacuum energy 



We consider a field theory in D-dimensional curved space with an external metric h^j^ 
and spatially constant parameters (/^(i = 1, A^). Let F[h, g] be the total vacuum energy 
(or free energy) . Under an infinitesimal change of the metric and the parameters, the free 
energy changes by 



F[h + 5Kg + 5g]-F[h,g] 
1 



6h,,{P) {Q^-[P))^^^ + 6g^ mP)) 



(2.1) 
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We wish to calculate the terms of order Shi5h2 in 



A[Shi,dh2] = F[h + Shi + Sh2, g] - F[h + Shi, g] - F[h + Sh^, g] + F[h, g] . (2.2) 



(We ignore the terms of order [Shi)'^ and {Sh2)^.) The integrability of the first order 
variational formula ( p.l|) demands that the second order variation (|2.2|) must be symmetric 
with respect to Shi and Sh2- 

We can calculate the second order change (|2.2| ) by applying the variational formula 
( p. ■ 1|) to eq. ( p.l|) . There are two ways of doing this depending on the order of changing 
the metric, as indicated in Fig. 1. Integrability of the vacuum energy demands that the 
two paths in the figure give the same result. 



h + 6h2,g h + 6h. + 6h2,g 




h, g 



h + 6h. , g 



Fig. 1 Two ways of evaluating A[6h^ , dh^] 

Along the first path, we obtain 

A[Shi, Sh2] = (F[(/i + Shi) + Sh2, g] - F[h + Shi, g]) 

-{F[h + Sh2,g]-F[h,g]) 



d'^P^h + Shi l(5/i2)^,(P) {Q^-{P)) 
-{F[h + Sh2,g]-F[h,g]). 



h-\-Shi,g 



(2.3) 



Applying the variational formula (|1 . 1| ) to the integrand, we obtain 



A[Shi,Sh2] 



p{r,P)>e 



X \{Sh2),AP)\{ShiU{r) {@-P{r)e^^{P)y 



h,g 
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+ 1 d^p^KP) \{Sh,),^{p)h-P{p)\{5h,{p))^p (e^'^(p)),,, (2.4) 



+ / dpC{p-h{P),g)-K:{h{P),g)\ ($„(P)) 



a 



'h,g 

The second path gives the same result as above except that Shi and dh2 are interchanged. 
Since the energy-momentum tensor satisfies the canonical RG equation 

^ 0'"' = (D + 2)0"'' , (2.5) 
dt 

the general formulas (|1.6|), ( |1.7| ) imply 

5h ■ C{p- h, g)Q^'' = §-^iSh- Sip; h, g)) G^'^ , (2.6) 

where 

5h ■ Sip; h, g)e^^ = ■ /C [h/ p\ gilnp)) ■ G-\p; h, g)Q^^ . (2.7) 



Using the component notation of eq. (|1.4| ), this can be written as 



[C"^^^^-^-ip;Kg)Y'' " = ^ [S^f'^^^-'^-ip;h,g)]^'' " , (2.8) 

where 

= ^ (/C-/^.^-'^- {h/p\gilnp))y- ' . iG-\'^ip;h,g) . ^^'^^ 
Therefore, the invariance of eq. ( p.4|) under the interchange of dhi and dh2 implies 

that 

/12(e) = /21(e) , (2.10) 



where 



/i2(p) = I d''Py^^i5h2),AP)(^-liSh^)^ph"^e^''iP) 

m=0 ■ / 



(2.11) 



We recall that the connection /C was originally introduced in ref. as finite counterterms 
in the variational formula ( |1 . Ij ) . This means that in the definition of /i2(p) above, Sip) only 
has those terms which give non-vanishing contributions for an infinitesimal p. This implies 



that eq. ( |2.10|) is actually valid for an arbitrary e which is not necessarily infinitesimal as 
long as /12(e) is well-defined. 



Therefore, from eq. (|2.10|) , we find that 



00 . (2.12) 
+ E V^,...V^„(5/i2)a/?-^"^'^^-'^-(p;/i,^7)e^'^J -{6h^^5h2) 

m=0 

is a total divergence with respect to space. Since 5/i2 are arbitrary, this means that 
for each integer m we must find 



^"^■'^l■■■'^™(/^/p^^(lnp))e'^^ 

= 5^,0 (/i^^e'^'^ - /i^'^e"^) 

+ (-)"^5^^ V.,...V.„{^^'^'^-^'-"i-""(Vp',^7(lnp))e"^} . 



(2.13) 



n=0 



This is the main result of this section. The first term on the right-hand side is independent 
of the geodesic distance p. In the next section we will see that the p dependence of eq. ( |2.13| ) 
is a consequence of the Bose statistics of the energy-momentum tensor. 

Finally we observe that, if we take p = 1, eq. ( |2.13| ) gives the torsion of the connection 

/C: 

r(5/ii, 5/12; K 9) = {Shi ■ /C) (5/12)0/36"^ - {Sh2 ■ /C)(5/ii)«^e"^ 

= I {(5/ii);i(5/i2)a/?e-^ - {Sh2r^{shi)^pe^^} 



m=l ' . ^ ' 



(2.14) 



- iV,,...V,,A5h2U) ■ ^(5/ii)^.(/C"^''^-'^-)e 



The sum over the positive integer m is a total derivative in space. 

To summarize, the condition of integrability of the vacuum energy gives eq. ( |2.13|) . 
This determines the torsion of the connection JC up to total derivatives in space. 



3. Bose symmetry of the OPE coefficients in curved space 

To improve our understanding of the integrability condition (|2.13| ) in the previous 
section, let us study the property of OPE's in curved space under interchange of two fields. 
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In curved space we consider an OPE of two composite fields 

A{r)B{P) = C^^{P,v)^a{P) , (3.1) 

where v is the geodesic coordinate of r with respect to P (i.e., r = Exp^(P)). For simphcity, 
we take A and B to be scalar fields. We define the angular integral 

C^--^-''^(p;/i(P))^ / d''-'Qp{r)v^^K..v^^-CA^{P,v) , (3.2) 

J\\v\\=p 

where d^ry/h = dpd^''^^l{r), and \\v\\ is the norm. Our goal is to find the symmetry of 
the integrated OPE coefficient under interchange of A and B: we wish to know the relation 
between C^i^-a*-'" and C^i^-'^-'". 

Let us introduce ^^^(-P, r) which parallel transports a tensor at P to a tensor at 
r = Exp^(P) along the geodesic. The transported tensor is given by ^6(-P)^c(-f'; '')• 
The inverse of V parallel transports a tensor from r to P. So, we can write 

{V{P,r))-' ^V{r,P) . (3.3) 

Now, the Bose symmetry 

B{r)A{P) = A{P)B{r) (3.4) 

implies that 

B{r)A{P) = 5^C^^(r,«;)$„(r), (3.5) 

a 

where w is the tangent vector at r such that Exp^(r) = P. (See Fig. 2.) 



r 




Fig. 2 two nearby points P, r 
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Using the Taylor expansion 

oo ^ 

*«(^) = 11-1 ^"'-^""V.,...V.„$6(P) • V\{P,r) , (3.6) 

we obtain 

oo ^ 
< ' n I 



n! 

n=0 



Therefore, using the definition (|3.2|) , we find 
C^--'^-'"(p;/i,^7)$a(P) 



^Y. ^ ' , / (i^-^Op(t;)(-t;)'^^..(-^;)'^™(-^)"^..(-^;)"" (3.8) 

n=0 ^ 

X <(P,r)C^^(r,«;)V.,...V.„$6(P) ■ 

In order to proceed further we need three equations. The first equation is the Taylor 
expansion 

oo ^ 

^a(^,r)C^^(r,«;) = z;'^^..^'^'=V.,...V.,C^^(P,-^) . (3.9) 

A;=0 

This is valid since we can formally expand the OPE coefficients as 

oo ^ 

Ca%{p.v) = Y.—s M) , (3.10) 

m=0 

where C^]j ^ (P; ||f ||), except for its dependence on the norm ||f||, is an ordinary 
tensor field and admits the Taylor expansion 

n(P,r)C^^,^,...^j^(r;||t;||)y^^\(r,P)...y^^-(r,P) 



°° 1 (3.11) 
^ ^. V.,...V.„C^^,,,...,^(P; ||.||) , 



n=0 

just as eq. (|3.6|). 

To describe the other two equations, we first introduce VF'^(P, v) which parallel trans- 
ports tangent vectors from r = Exp^(P) to P in the geodesic coordinate system around P. 
The two parallel transports V and W are related to each other by the following coordinate 
transformation: 

(3.12) 



W^t(P,z;) = n(i^,r)|§ 



Vr—0 
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(3.14) 



where the vector vp at P and the vector Vr at r correspond to the same point: Exp„^ (P) = 
Exp^ (r). In the geodesic coordinate vp around P, the volume element at the point 
Exp„^ (P) is given by detW{P, vp). The second equation we need is the following expansion 
of the volume element: 

detW^(P,t;) = ^"\..z;"'=V,,...V,,detW^(P,-z;) . (3.13) 

k=0 

The third equation we need is the one about integrals of total derivatives: 

= / det^aP^'v] ^"^■■■^""'V,,...V,^ {detWiP,v)t{P,v)) , 

where t(P, f ) is an arbitrary tensor at P which depends also on a vector f at P. The tensor 
can be formally expanded as 

oo ^ 

^(^'^) = E t;^^..i;^"t.,....„(P, \\v\\) , (3.15) 

n=0 

where ti/i...!y„(P, ||f ||) is an ordinary tensor field with an additional dependence on the norm 
of the vector v. The covariant derivative of t(P, v) is defined by 

oo ^ 

V^t{P,v) V^t.,....„(P, \\v\\) , (3.16) 

m=0 

where we have an ordinary covariant derivative on the right-hand side. (||f || is fixed under 
the derivative.) We will not prove the second and third equations ( |3.13| ), ( |3.14| ) in this 
paper. For a mathematical background we refer the reader to refs. ^ and 0. {W here is 
denoted as V in these references.) 

Using eqs. ( ^?9|) and ( p.l3|) , eq. (|3.8|) gives 

C^--'^-'"(p;/i,<7)$„(P) 



oo 



n=0 



)- V ^ / - v^- f3 171 

' ^ n\ J detVr(P,^) ■ ^^-^^^ 



X V,,...V,„ {detW{P,v)v^\..v^-CA^{P,v)^a{P)) 

after a change of coordinates v —v. Then, by using eq. ( |3.14| ), we obtain the desired 
relation: 

C^--^-'"(p;/i,^7)$a(P) 

A (3-18) 

=(-)"^EH^^'^--V-PAB-""^"-^"'"(p;/^:^7)^a(P)] . 

n=0 
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This implies that the difference 



C^--^-'"(p; /i, g)^a{P) - (-)"^Cb-'^'-'"(p; K g)^a{P) (3.19) 

is a total derivative in space. Eq. (|3.18| ) is the main result of this section; it is a direct 
consequence of the Bose symmetry ( p.4| ). 

Now for the energy- momentum tensor, the only difference is that it is a tensor, and 
the integrated OPE must be defined with the parallel transport operator as 



Jp(r,P)=p 



If we only keep the terms which cannot be integrated over p to zero, this C coincides with 
the C in the previous sections. The relation analogous to eq. (|3.18|) is given by 



71! 
n=0 



This is precisely what we obtain by differentiating eq. ( |2.13| ) with respect to p, thanks 
to the relation ( p. .61 ) between C and S. Hence, the p dependence of the integrability 
condition (|2.13|) is consistent with the invariance of the OPE under interchange of two 
energy-momentum tensors. 



Eq. ( |3.18|) generalizes easily to a product of any two bosonic composite fields. 



4. A relation between Ci and K, 

In the same way as in sect. 2, the symmetry of the second order variation 

A[dh, Sg] = F[h + 5h,g + 5g] - F[h + dh, g] - F[h, g + dg] + F[h, g] (4.1) 

gives a relation among the mixed matrix elements of the connection (c^, /C). 

12 



h, g + 6g 



h + 6h, g + 6g 




h, g h + 6h, g 

Fig. 3 Two ways of evaluating A[5h, 6g] 

By demanding that the two paths shown in Fig. 3 give the same second order variation 
( [4 .11 ), we find the foUowing relation (we skip the derivation, since it is analogous to the 
derivation in sect. 2): 

(cOe^'^ - {lCnO^ = -h^^O, + J2 M- ^^i-^M,. [(^''"' ^'■■■''"') • (4-2) 

ni. 

m=l 

This also gives torsion of the connection (c^, /C), which is related to the Bose symmetry of 
the operator product Oi{r)(d^'^ (P) under interchange of the two fields. 



5. Example: Massive Ising model on a curved surface 

We have obtained two constraints ( p.l3|) (or equivalently (|2.14| )) and ( [4.2|) . As an 
example of a practical use of these constraints, we take the massive Ising model on a 
curved two-dimensional surface with metric h^,^, and apply the integrability constraints 
and the other algebraic constraints discussed in sect. 1 to determine the connection /C 
explicitly. 

The model has three parameters: g^, m, and k, where gi is the cosmological constant, 
m is the mass, and k is the coefficient of the Ricci curvature R in the vacuum energy 
density. The metric and the parameters satisfy the following RG equations: 

— h 

d ^ m\ d d , ^^-^^ 
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where c' is a constant to be determined later. The constant /3i depends on how we 
normahze m. If we choose m such that it gives the physical mass of the free fermion 
in flat space, then 

A = . (5.2) 

The above RG equations for the parameters imply the following RG equation for the 
field Om conjugate to m: 

j^Om = Om- . (5.3) 
Eqs. (|5.1|) also imply the following trace of the energy- momentum tensor: 

2 

fry 

e = 2gi + — /3i + mOm + c'R . (5.4) 

By taking the limit m = 0, we find that the constant c' is related to the central charge 
c = ^ of the conformal Ising model as 

Our goal is to calculate the singularities in the product of two energy-momentum 
tensors e^''(r)e"^(P) exphcitly. The answer is well-known in the massless limit m = 0, 
but in the following we will be able to calculate the correction due to the non-vanishing 
mass m. 

As a preparation we first calculate the singularities in the product Q^'^ {r)Om{P)- The 
most general form of the connection is given by 

{6h ■ IC)Om = Sh{a Om + b m) , (5.6) 

where Sh = is the trace, and a, b are constants. Using the trace condition ( |1.21| ), we 
find 

a=\. b=\{{cm)^-(3i) , (5.7) 

where the constant {cm)m ^ matrix element of the connection Cm for the conjugate field 
Om- Under a redefinition of the cosmological constant 

k 

9i 9i + ^ m'^ . (5.8) 
the conjugate field Om and the connection {cm)m change by 

Om^Om-km , {Cm)m ^ Mm + ^ , (5.9) 
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so that the hnear combinations 



(5.10) 



are invariant under the redefinition (|5.8|) . In particular, the trace ( ^.4|) is invariant. 
Taking the column vector (C^, 1)^ as the basis, the general formula ( |1.7| ) gives 



S{p; m) 



m 





[-/3i(lnp + l) + (c^)^i] Ij ■ 



Hence, ( |1.6| ) and (|1.11| ) give 



5h ■ C(p; h, m)Om = - Sh — 

P 



'd^O^ + ^ V^w'^ ■ {O^ + m{cm)^ - m(3^{l + Inp)) . 



:5.12) 



(5.13) 



Now we consider the product of two energy-momentum tensors. The most general 
form of the connection, allowed by covariance and the Z2 invariance under m — m, is 
given as follows: 

5/i-/C(/i,m,^i)e"^ 

= \ h^f^Sh {Ai + g^As + m^A5 + RA7) + dh""^ {A2 + ^71^4 + m^Ag + RA^) 



+ —h'^^V'^dh + :?i(V°V^ + V^V°)(5/i 
4 4 



(5.14) 



where A's, S's, and C's are all constants. 

The constants A, B, C's will be determined in four steps. First we use the integrability 
constraints obtained in sect. 2 to relate some of the unknown constants. Second we will 
impose consistency with the previous results ( |5.12| ), ( |5.13|) on the trace of the energy- 
momentum tensor. Third, we will write down the OPE coefficients C, C in terms of the 



connection JC and impose the algebraic constraints ( |1.5|) , (|1.16| ). At this point we will still 
have some undetermined constants. Finally we will determine the remaining constants by 
imposing the algebraic constraints ( p..l4| ) and (|1.15| ). 
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5.1. torsion constraint 



The integrability condition (|2.13|) (or equivalently ( |2.14|) ) gives, for p = 1, the foUowing 
conditions: 



Eq. (|5.15| ) gives 



and eq. ( |5.16| ) gives 



5.2. trace condition 



Cs = C2 — - , 
B2 = Bs . 



(5.15) 
(5.16) 

(5.17) 
(5.18) 



The trace anomaly ( |5.4| ) provides further constraints. Using the exphcit form of the 
trace anomaly, the variational formula gives 

{Om)n+SH,g + {Om)n,g] + C {-R{h + 5h) + R{h)) 

d^rVh Uh^Ar) (e^-(r)O^(P))^^^ 



(5.19) 



+ m 



dh- {IC- dp C{p) 



{MP))H,g + c{-Rih + 6h)+Rih)) 



On the other hand, the variational formula for the energy-momentum tensor gives 

= - 6h^p (e"0,,, +ml^ d^rVh \5h,,{r) {O^" {r)Om{P))l, (5.20) 



+ h^f, {i6h ■ /C) e°^>,_^ - j\pm i6h ■ Cip)):: 



m \ h,g ' 

We demand consistency between the two expressions. Using the variation of the Ricci 
curvature 

-R{h + 5h) + R{h) = Sh^^R^'' + V'^Sh - V^VSh^^ , (5.21) 
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we obtain 



(5.22a) 
(5.226) 



We can obtain ( |5.22a[ ) also from eq. ( [4.2| ) of the previous section. With the connection 
( ^^) , ( p.7|) for the conjugate field Om, eq. ( |5.22a| ) gives 



^1+^2 = 0, ^3 + ^4 = --, 

1 3 

3 1 

Ci + C4 = — - , C2 = 1 , C's = 7: 5 



c 



(5.23) 
(5.24) 



and eq. ( [5.22fc| ) gives 



Bi + B4 = 3c' , S2 = S3 



We have used eqs. ( |5.17|) and ( ^.18|) 



(5.25) 



5.5. OPi? coefficients C,C in terms of the connection /C 



Using eqs. (|2.6|) and (|2.7|) , we can write down the OPE coefficients C in terms of the 
connection (|5.14| ) as follows: 



(c^"(p))e"^ = — - + (/i'^"/i"^ + /i'^^/i"")A2] 



(C'^'^''(p))e"^ = 



(5.26a) 
(5.266) 



Using the algebraic constraint ( p..5| ), we find that eq. ( |5.266|) implies the vanishing of Ai, 
A2: 

= A2 = . (5.27) 



This is consistent with ( |5.23|) . 
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Using the general formula ( |1 . llj ) , we can calculate the coefficients C. The result is as 
follows: 



a/3 



= ^ [(-Si - c' - 254)/i"^a'^i? + (c' + B^){h'"^d"R + h''"d'^R)] 



6 

(c>-'/(p))e-^ 



(5.28a) 



1 



^3(^1 + ^Pim^ Inp) + m^As 
1 



+ R{A7 + - (-Si - 2c' - 3S4)) + CiG 
+ (/i""/i^^ + [714(^1 + IPim^ Inp) + m^Ae 

+ i?(A8 + ^(c' + S4))+C4e 



(5.286) 



(5.28c) 



(C'^^'^'^^^(p))e"^ = {jc"^'^' + jc"^'"'^ + ic'''''^^)o"f^ 

- c' {h'''^{h^"h''^ + h^'^h'") + ... ) 

where we have used eqs. ( p.24| ) and (|5.25| ), and the last omitted terms are obtained by 
symmetrizing with respect to 7, 5, and e. 

Since eq. ( p.28fc| ) has no singularity, the algebraic constraint ( |1.16| ) implies that 

/i5e(C^"V^'^')®"^ = ■ 

Using (|5.25| ), this gives 



(5.29) 



Bi 



Ba 



(5.30) 



5c' 

T ' 2 

We also notice that the right-hand side of eq. ( p.286| ) should not depend on the cosmo- 
logical constant (71, since the short-distance singularities are independent of the additive 
constant in the vacuum energy. Using the trace anomaly ( |5.4| ), the absence of gx in 
eq. ( ^.286|) gives 

A3 = -3-2Ci, A4 = ^-t-2Ci. (5.31) 

To summarize so far, eqs. ( |5.27D , ( |5.31| ), (|5.25|) , (|5.30|) , and ( ^.24|) give all the constants 
except for Ag, Ag, and Ci. To determine these three remaining constants, we must use 
the algebraic constraints ( |1.14|) and ( [1.15| ). 
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5.4- Further algebraic constraints 



To determine the remaining unknown constants, we try to construct coefficients 
Qnu,fj.i...n,n xvliicfi are related to eqs. (|5.28| ) by eqs. (|1.14|) . At tlie same time we must 



satisfy tfie constraints (|1.15|) . We liave found it convenient to do tliis construction in 
a complex coordinate system z in wliidi tlie metric lias only hzz non-vanishing. While 
constructing the coefficients (jMi^,Mi - /^T,i^ jg q^^q important to satisfy the Bose symmetry 
( p.21|) . We will omit the detail here. The final results are as follows: 



, _7c' , _ 5c' ^ _ 11 ^ _ 5 

^7 — 5 ^8 — 5 ^1 " "TT 5 ^4 — 77 



(5.32) 



Written in a more transparent form, our final results are given by 



P Jp{z,P)=p 



1 V72 
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V'5h^^{P) 



+ — i-V'Sh ■ V - VJh'' ■ V + V'6h'' ■ V,) Om{P) + o(p°) 
dQpiz.z) 5h^,Q^^{z,z)Om{P) 



1 

P Jp(z,P)=, 
1 



'"""^ V^6h{P) 



(5.33o) 



^(0^(P) + m(c^)^i) - m/3i + ^ Inp 



(5.336) 



+ {V'Shzz ■ + VJh^' ■ V,) Om{P) + o(p°) 



where dh^^, is an arbitrary symmetric tensor which vanishes at P. In the m = limit, this 
agrees with conformal field theory 0. 



6. Conclusion 

In this paper we have continued the study of the energy-momentum tensor initiated in 
ref. |1[]. In particular we have examined integrability of the first order variational formula 
( pTT|) for the vacuum energy, and derived the condition (|2.13|) . We have observed that this 
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integrability condition ( p.l3|) gives the torsion of the connection /C up to total derivatives 
as in eq. ( |2.14| ). We have also interpreted the dependence of eq. (|2.13| ) on the geodesic 
distance p as the Bose symmetry between two energy-momentum tensors. Finally, using 
the integrability condition and other algebraic constraints, we have determined the short- 
distance singularities of the product of two energy-momentum tensors in the massive Ising 
model in two dimensions. 

The massive Ising model may be too simple. After all, it is a theory of the free mas- 
sive Majorana fermion, and the OPE of two energy-momentum tensors can be calculated 
directly using the elementary spinor fields (at least in fiat space). The aim of the example 
is to show that we understand the general properties of the energy-momentum tensor well 
enough to determine the OPE explicitly without explicit calculations. 

The goal of ref. and the present paper is understanding the first order variational 
formula ( |1 . 1| ) , which actually defines the energy-momentum tensor through its integral 
over space. We have applied only a limited integrability check in this paper. In a separate 
paper |Q] we plan to address the full integrability condition for the variational formula 
applied to arbitrary correlation functions instead of the vacuum energy. 
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